We consider the second order semilinear elliptic system ∆u = p (x) v α , ∆v = q (x) u β , where x ∈ R N , N ≥ 3, α and β are positive constants, p and q are nonnegative continuous functions. We prove that nontrivial nonnegative entire solutions fail to exist if the functions p and q are of slow decay.
Introduction
We consider the second order semilinear elliptic system of the following form
where x ∈ R N , N ≥ 3, α, β are positive numbers, p and q are nonnegative continuous functions defined on R N . Our objective is to establish conditions for the nonexistence of nontrivial nonnegative entire solutions of (1.1). An entire solution of (1.1) is defined to be a vector-valued function (u, v) ∈ C 2 R N ×C 2 R N which satisfies (1.1) at every point in R N .
To formulate main result of this paper we introduce the functionsp(r) andq(r) byp respectively. We note that p(x) =p(|x|), q(x) =q(|x|) when p and q are spherically symmetric functions (i.e., p(x) = p(|x|) and q(x) = q(|x|)). Suppose thatp andq satisfyp (r) ≥ L 1 r λ ln ν r ,q(r) ≥ L 2 r µ ln ξ r , r ≥ r 0 > 1, (1.2) where L 1 > 0, L 2 > 0 and λ, ν, µ, ξ are constants. Our main result is as follows.
Theorem 1.1. Let N ≥ 3, α ≥ 1, β ≥ 1, αβ > 1 and p and q satisfy (1.2). If at least one from the following conditions holds
then there are not nontrivial nonnegative entire solutions of (1.1).
The problem of the existence and nonexistence of entire solutions of scalar elliptic equations has been investigated by many authors (see e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] and the references therein). Entire solutions for semilinear elliptic systems have been considered in many papers also (see, for example, previous works [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] ). In particular, Theorem 1.1 was proved in [13, 14] for ν = ξ = 0. Lair in [20] established the existence of positive entire solutions to the elliptic system (1.1) with spherically symmetric coefficients p and q. More precisely, the system (1.1) has positive entire solutions if αβ > 1 and p(|x|) and q(|x|) satisfy at least one of the following conditions
This paper is organized as follows. Some auxiliary propositions are proved in Section 2. Section 3 is devoted to the proof of Theorem 1.1. In Section 4, we discuss the optimality of obtained results.
Auxiliary propositions
Let P and Q be nonnegative nonincreasing continuous functions and h and g be nonnegative continuous functions. We introduce the functions y and z in the following way
where r > R > 0, m, n ∈ N.
Then
where A ∈ (R, bR), C y and C z are positive constants which do not depend on R.
Proof. We prove only (2.2), the proof of (2.1) is similar. Note that
Now we multiply (2.7) by z (r) and integrate over [R, r] . Using the integration by parts, (2.4), (2.5) and the monotonicity of P, we obtain
Repeating this process appropriately many times, we get
A combination of (2.8) and (2.9) gives
where a positive constant c 1 does not depend on R. From now on, without causing any confusion, we may use c i , C i ,C i ,Ĉ i ,C i orC i (i = 0, 1, 2, ...) to denote various positive constants. Applying n times the operation of multiplying (2.10) by z (r) and integration over [R, r], we obtain
Without loss of generality, we can suppose that z(A) > 0. From (2.11), we find
Integrating this relation from A to bR, then leads to the inequality
which completes the proof.
Let us introduce the functions u k (r), v k (r) by the following recurrence relationships
and define the functions
where ρ > 0, R > 1, a > 1. Now we prove an auxiliary statement which has independent interest.
and r 1−nq (r) be nonincreasing functions on (ρ, ∞) for some m, n ∈ N and ρ > 0. If at least one from the following conditions holds
for some k ∈ N and a, b such that 1 < a < b ≤ 2, then there are not nontrivial nonnegative entire solutions of (1.1).
Proof. Assume to the contrary that (1.1) has a nontrivial nonnegative entire solution (u, v). Let u(r), v(r) denote the averages of u(x), v(x) over the sphere |x| = r, respectively, that is,
Then we can proceed analogously as in [23, 24] to find that 
Now the principle of mathematical induction is used to prove the estimates Remark 2.3. Let the conditions of Theorem 2.2 hold for the problem (1.1) with p(x) = p 0 (x) and q(x) = q 0 (x). Then from the proof of Theorem 2.2 we conclude that there are not nontrivial nonnegative entire solutions of (1.1) with any p(x) and q(x) satisfying the inequalities p(r) ≥p 0 (r),q(r) ≥q 0 (r).
The proof of Theorem 1.1
Proof. Theorem 1.1 is proved in [13, 14] under the conditions (i) and (ii). Let us consider the problem (1.1) with p(x) and q(x) such that
Let (iii) hold, that is,
Using the principle of mathematical induction, we prove the estimates v 2k (r) ≥C 2k (ln r)
where u k (r) and v k (r) are defined in (2.12) -(2.14), k = 0, 1, 2, . . . , r > r k for some r k > r * = max(ρ, r 0 ). First, we prove (3.3), (3.4) for k = 0. Then (3.3) follows from (2.12) . Easy to see that Applying the integration by parts, we prove (3.4) with k = l. Now we check (2.16) . To do it we estimate the multipliers on left side of (2.16). For the convenience, we denote
It is easy to see that σ k > 0 for large values of k. Applying (2), (3.1), (3.2), (3.4) and mean value theorem, we get
for large values of R and k. Using (3.1), (3.2) and mean value theorem, we find bR aR
where R > r 0 , γ ∈ (a, b). Now from (3.6), (3.7), we conclude lim sup
for large values of k. Since λ < 2 and µ > 2 the functions r 1−nq (r) and r 1−mp (r) are nonincreasing for any n ∈ N, m > 1 − λ and large r. Thus, by Theorem 2.2 and Remark 2.3 there are not nontrivial nonnegative entire solutions of (1.1).
The case (iv) is treated in a similar way. We note that (v) follows from (vi) if ν < 1 and ξ ≥ 1, (vi) follows from (v) if ν ≥ 1 and ξ < 1, and (v) and (vi) are equivalent if ν < 1 and ξ < 1. So, we can prove the theorem for (v) under the condition ν < 1 and for (vi) under the condition ξ < 1.
Let (v) and ν < 1 hold, that is,
As in a previous case, using the principle of mathematical induction, we prove the estimates v 2k (r) ≥C 2k (ln r)
where k = 0, 1, 2, . . . , r >r k for somer k > r * . By virtue of (2), (3.1), (3.8), (3.9), we have lim sup
for large values of k. Obviously, r 1−mp (r) and r 1−nq (r) are nonincreasing functions for any m, n ∈ N and large r. Applying Theorem 2.2 and Remark 2.3 again, we prove that there are not nontrivial nonnegative entire solutions of (1.1). If (vi) and ξ < 1 hold then the theorem is proved in a very similar manner. In this section, we show the optimality of Theorem 1.1. We assume that the system (1.1) has spherically symmetric coefficients p(x) = p(|x|), q(x) = q(|x|) which satisfy the inequalities p(r) ≤ L 3 r λ ln ν r , q(r) ≤ L 4 r µ ln ξ r , r ≥ r 1 > 1, (4.1)
where L 3 > 0, L 4 > 0.
The following statement is proved by a direct verification of the conditions (1.3) and (1.4). 
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